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N - number of revolutions of the central bWd In an orbital transer -

a - semimajor axis

- time

- graitational peaamete

F - vehicle thrust vector

V - vehicle veocity vector

VcirC - circular orbit velocity

a - vehiclemass

V - trueEanamly
R~~~~~~~q~ - ailaceeain apnn

T - radgial acceleration component

T -tnntmal acceleration component

a - cetricity

a manmotion

r - distance from center of mas of the central boii

i - inclination

(. -erument of perfIas

-longtudeofuown dingnode

V - eguemen of latitude

P - aem-latusectum

h - alternate orbital element

k - alternate orbital element



H - megnitude of angular mommntum

A - mnitude of vehicle sacleration

e - pitch angle

4? - yaw angle

e - dimensionlI ratio of vehicle acceleration to local grnvltationel accIlration

H - Hamiltonian

- lagrange multiplier aciated with a

X2  lagrange multiplier aciated with h

X- lagang multiplier eaciate with k

U - uantity cmbining d X I

U2  - qunttitycombining )3 and X,

ao  - initial value of a

or finalvalusof a

* Uo  - Initial value of u

-r firmalvalue of u

uvi
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An anlytlIc solution to the Optlmal low thrust transfe" problem Is developed using a

flrst-ordhr perturbation spprooh for planr orbit transfers. This solutlon is verified by - -

omparlaon with the solution obtained by interating the equations of motion. For low vehiclO

ecclerstluw the analytic aolution yields results quite cloe to thon obtained by the Integrated
Solution. At higher aeleratlon levels, however, the anMlytic solution diverges from the

integrated solution. For very low accelration levels the analytic solution pproechs the

limiting cu of the infinitsimaly low thrust spiral solutlon.
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OPTIMAL LOW THRUST ORBIT TRANSFER
USING A FIRST-ORDER PERTURBATION MODEL

I.. Intr:..,.io

In performing any orbital transfer it Is essential to determine the optimum thrust vector

profile This problem is easily solved for two exreme c he t i otlnuous thrust spiral
tramfer for a vehicle having infiniesimlly small acceleration, and the two burn Impulsive
transfer for vary high vehicle acceleartion. Between these two extremes, the optimal transfer
problem has been eddeswed by a variety of individuals. Several authors .2.3 have considered
continuous thrust transfers requiring one revolution or less to complete, while others4 have --

atiptd trawsfers reqiuiring many revolutions using -ome version of the method of
evereging This letter approach usually leads to a series of small, nearly impulsive, burns and
Is subaptimel.

It is alwus possible, In principle, to solve the transfer problem through integration ,.
the equations of motion. Unfortunately, the amount of computation required for transfers
Involving many revolutions is prohibitive, and numerical errors rapidly become unacceptably

large. Wiesel and Alfano-6 have developed an analytical aproch which las to a more
tractable solution of thm optimal transfer proe for many revolutions. Their approach
involves splitting the control problem into a "fast" timesca problem over one or a fbw orbits,
and a *slow" timescale problem over an entire transfer. The slow timescale solution
Incorporates a series of solutions to the fast timemle problem. This approach leads to an
optimal solution for an infinite number of revolutions. Wimel andAlfano found that the errors
In obtaining desired final conditions were proportional to I /N, where N was the number of
revolutions In the transfer. This result suggests that the solution of the optimal control r
problem for finite revolution transfers should be emenable to a perturbation theory approach.

This paper will develop an anaytic solution to the fast timascale problem using a
first-order perturbation approach. This analytic solution Is compared with the solution
obtained by iMtedating the quations of motion to determine Its range of validity. BeW on thee
results, sm conclusions are dawn regarding the application of perturbetion theory to the low
thrust trans*f problem.
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11. Low Thrust 5plral Solution

As a limiting cas, the optimal control solution for a vehicle having Infinitesimally smallI
mationy is developed for a planar tradser beginning in a circular orbit. The solution is
optimal In the sea of minimizing tOn time required to perform the transfer and, hence,
mmcimizing the time rae of chaneor the semimajor axis, a. Therate orchange of the
uinmor auis is given ty

dt.dt .2E2

where the en er unit mass is

(2)

&Ww the time rate of chmnge of the energ is

(3)

dt a (dRrT

In the above equations, the gravitational parameter is represented by )I, a is the vehicle
mms, Y Is the true anomaly, &nd F and V we the vehicle thrust and velocity vectors,
respectively. The orbital radius, r, is the sue as the emimajor axis for a circular orbit R
ad T are, respectively, the radial aT tangential components of the vehicle acceleration. The

2 2.

derivaltive rwtsenspe to iiizn t Iserqie opromteted ecL,"

wine iteor b is given by
L -...
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For a circular orbit eccentricity Is zero, so the right hand sid of Equation (4) Is zero.

Hence, the radial term in Equation (3) is Initially zero and the vehicle directs Its thrust
tangentially. Since the vehicle has infinitesimally small acceleration, orbital eccentricity must L

remain infinitesimally small and the right hand side of Equation (4) will always be nearly zero.
As a consequence, in wordmnoe with Equation (3), a radial acceleration component will not
result In any change In energy. Since energy is affected only by the tangential acceleration
component, the optimal control solution Is to direct the thrust vector tangent to the orbit. This

corresponH to a yaw angle of zero.
For zero yaw angle, the dot product of the vehicle thrust vector and the vehicle velocity

vector Is
(5):-

F-V- FV

so the rate of change of the semimajor axis is given by

(6)

where Vdrc is the circular orbit velocity. Separating variebles and Integrating:

(7)
o 3 / 2 i l i a / , .2 d t :

yields the semimaor ais as a function of time:

(8)

0(t) - -1/
-1/2 2

002 M__ /2 (t- to) :

I06
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111. Eauattons of Motion

,Si¢4.on of Form ..

It is desirable to select a form of the equations of motion that will make analysis of the low

thrust transfer problem as easy as possible. A useful form is the Lagrange planetary equations

expressed in terms of force components.7 .8

(9)

dl n i Y ar - T

dt n na2 e --e a .

dl n o u V

rcsu N

dt no2,71 . 2  ,..

R)Isi ~i+T N:.

r sinu N
dt na271 e2 sin i

Unfortunately, this form Involves the argument of periee, c, and the eccentricity, , so it Is

singular for small eccentricity. This singularity problem can be eliminated by making the

change of variables:

(10)
hi e cos

k= esin-

Another problem is that the true anomaly, v, is not well defined for nearly circular orbits. The

true anomaly can be replaced by the argument of latitude, u, where:

(11)
g=N,

This change of variables transforms the independent variable from time (implicit in v) to u.

4
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Aplying thse variable changes to the Lagrange planetay equations, expanding for small
eccentricity. and retaining only the lowest order terms yields:9

(12)

du a- aP 11 rut""duT

du 2a sin i

In these equations Rt, T, and N wre the acceleration comlort in the radial, tangential, and ".

qi ~normal directions, respectively., i s the inclination. and I s the right asesion of the' ""

aedng node. The quanity a is the mean motion.

nN

_, The mass and acceleration of a low thrust vehicle making gml orbit chianges can be•,-.
.1[ treated as aroast This assumption can rnot be made when considering the long0 timesale

problem. For a vehicle with constant acceleration A, pitch angle 0, and yew angle t,(see "]""
" Figure I 1 the accelertio componets ire:

(14)
T- ILR

R - -A cos e sin*4 -.-
ntNa Nre t A sin po t hr a-

- N-.

" omldrcins epciey 5s th"nliainad;)i h r'tasesono,

+'T'; -. +,- "' ascending'..'- d.-.,+.." -The '. /,antit.y ' ."- is" the'-mea:' m to .:-,' ' ' ' ." -- .- . . .. ,. . . .,.. ,



1%. h'.

Cale"le

Ante sflreltionsilp Is L.

where f is the dimensionless ratio of vehicle amelration to local gw ittiona e1 miration.
Substtuing the expresions for the acceertion components and e Into the equiations of motion
yflla



(16)

do

Elcoso case sin* 2 sino cosO xsti
du

- c -Eco sine

-~ - sin U sine

Simplification to plinaer CM
it was decided to develop only the more limited cms of orbital changes within a single

plane. This is eulivalent to satting te pitch angle 0 equal to zero In the equtions above. This
assumption results in the following tat of three setios.

A EG- stol sint* + 2 em costi

doelcoso sin* + 2 sinuocosti

This is the final form of the equations of motion used to develop the analytical solution to the .

optimal low thrust transfer pr"lem.



LiZ" IV. Analytic Solution "-.

Control Optlmlanlo

To solve the low thrust transfer problem, it is nbceuery to determine the optimal yaw

angle program to perform an orbital transfer from a given at of initial onditions (oO, ho , k ) L

to a given at of final conditions (or, hr. k). For a vehicle under comstent thrust, an optimal

trajectory is eluivalent to a minimum time trajectory.9 If the vehicle's orbital ei ntricity Is

very small at all points in the trajectory then time Is simply proportional to u. Boud on this

asumption, the Hamiltonian for the optimal transerd 3

(18)H~l~ dX,A dis& + X3& --;

du 2du du '

Since only small orbital chan os are being considered, the dependent veriables on the right sides

of the equations of motion can be treated acons Using this usumption, the coanoil

meqtioms for the lorange multipliers are

(19)

,...
-a -

• -im -~ -

so all three of the l8range multipliers era constants. The solution to the long timescele problem

would Incorporate a erie of such small chenig Inserting tie eutiom of motion Into the

Hamiltonlin and computing the yw optlmality condition

(20)

.1.0

- U*,,°% °'

o 2o • ., .at

8
F' °

°, o o ..• . - ••• • -. . " "" ° "" " "" • -" " • " " * * ~** •. " % " *" "" " ° " ° . . . " % . . ' ' .



yils the control low:

(21)
,._,I,, -X29inu + kX, su..,
tit 2(a),l X2cosu + k3 sinu)

Note that, even though the )s we constant, * will very because of its dependence on u. The
direction or the trafer, inward or outward, is used to resolve the ambigity in the solution for
1'. For outwartrefers * will takw on valum in the ranp -11/ i /2, while for
inward transfers * will take on values in the other two quadrants.

Since the lrangs multipliers are constant throughout a given orbital transfer so long as
the change in a Is small, and * is dependent on these multipliers, the multipliers re

effectively the control variables for this problem. The yaw control low can be simplified by
letting

(22)

The yaw control law then bco mes:

(23) I-

-U, snu + U2 cosu
2(a + Ulcosu + U2 sinu)

= 8mollYW A sAsumption .:.ItI
,T o further simplify the analytical solution to the low thrust transfer problem, It Is

assumed that the yw angle ' is small. Since the optimal yaw angle for a vehicle having
Infinituslmal thrust Is *-O, this isa reaonble assumption for a low thrust vehicle. Note that
if * Is amiell, UI and U2 must be small. Using this small angle aeumption, the equation of
motion becm-

• .;..._

* ,'* "-li.



o*. % ",

(24)

"u - 2aE

u EI-tslnu *2cosuj ll
ii.,,

du Eftcosu * 2sinu.

and the ye control law becomes

(25)
- -Utsinu + U2cosu

Note that the equation for the mimqjor axis drns not involve *, At this level of approximation
the analytical solution is identical to the spiral solution for a. The differential equation for a
can be solved directly in terms of u to yield

(26)

IIL
0 ao -4 a(- 0

Orbital Element Chanes
The chae in orbital elements over an entire orbit transfer are computed by Integring

thequtlons of motion over u. For the smimaor axis this IS

(27)

AO- or- 0 - J.. du

and similarly for the other two orbital elemonts Owrying Mu them ntei atlons for the
sptluns of motion raulting from the small mmpton yields

1...,.

10 S *"

*..

bo %
'.o" ,- .- - o. . . -. . *. * °* . S - . o 5 . -. . .



(28)
Am- 2ao6u

Ah 10 1 q-snu sin V ONV u) - -sjn2v

ONO +osn *11~ + BSn~ ~

I"'('8 82(sn

Notethat Equilon (26) Is valid for large ctanges In a while the first of Equetions (28) is

valid only for small ch mis.

Given the Initial ad final conditions for an orbital transfer It Is nenceey to compute the

controls (i.t the ) s) required to achieve thor transfer. It Is moure thot ech transfer begins

an ands In a circular orbit. The total Pngs In h and k ovr an entire transfr o this type

must therefore be aro, since them two elemets are directly proportional to the oetrlclit.

Using this fact, the verlables U1 and U2 can be determined by simultaneously solving the

fol lowing two saations.

(29)

A&h O sflnu -- (-1 ursin u f r)- U2 sin2u
•

Ak - 0 Weo - csouf) - 15n2u1r * (sfnUrCmUr * Ur)

3olution of them equattm yeld-"

(30)

(U2 slnuf - 8.)sinofr
Of - stnu osu,

e%(uIn3lfur- (I - osr)(ur - stnur Ofu r.))
U..., - sln2urcos2ur .

U11 ":



The Iew multiplier mc*ea with the semtmajor axis is computed using the

truw~rwIity udaonm-

S 0 o I U I U2 do

Solving his agintio for X,1 Yields"-...

(32)

Aa(40(o + cOsu+ sinu) * (ilsinu - U2 0oSu)(sinu - aou)I

where a asafunction of u is given by qWoimn26. The vulumof k2 and X3 are computed

from X , UpwidU2. Wtththe )'sin hand, theyew ngle, ,can be cmputed for anyvalue of
ousing Equatio (25).

12
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The analytiml solution to the low thrust transfer problem developed In Section IV was
verified by cmparison with the integrated equations of motion (Eqrs. 13) for a set of orbital
traonsfer All computations were carried out in canonical units, for which the distance unit is

* one Earth radius and the gravtatimnl parameter, p, Is numerically equal to one. All of the
pverification treectorles boan at u - 0. The Initial and firal conditions for all of theme

tralectories were

(33)

(a%, h , ko) 1(, o, 0)

1 (or, hr, kO) 1 ( 0 1, 0, 0) .::

Note the small cha in the semimajor ais. Solutions for these conditions can be extended to
other valuesof ao and a by scaling E.

Using the above conditions and specifying u, the 's and the required acceleration were
computedi In order to make a valid compaison, these computed values were used in both the
analytical solution and the solution vie direct integration of the equations of motion. For the
analytical solution, Equation (26) was used instead of the first of Equations (28) to provide
hlgher accuracy for changes in the semimajor ais. In the Integrated solution, however, the
analytcal result of Equation (26) was not used; all three of Equations (17) were integrated.
Four hundred integration steps per revolution were used The small angle asumption was ot"
made for the interated solution.

Orbital traiisfers computed using both the analytical solution and the Integrated solution
are compared In Figures 2-9. Figures 2-5 show the orbital elements and yaw angle as a
function of u for a transfer to uo - 1.8 revolutions. The correspondence between the analytic
and Integraed solutions Is poor. Note that for small changes In a the yaw angle computed using
the two solution mathods Is essentially Identical, so Figure 5 shows only one curve FIgures 6-9
atiw a transfr to ur - 4.9 revolutions, and In this case the cor ndnce between the two

*solutions Is very god. Figures 2-9 Indicate tha the analytical solution Is valid for lar U,
but breeks down at small values of u7 (i.e. higher accelratos).

~* % * * * * .. . . -. . * .* . ~ ... * ~ . *-.-



Using the analytical solution, the maximum yaw angles for transers involving large
values of r (now 100 revolutions) were cmputed. Since % and are fixed (Es. 33),

large ur corresponds to a very low acceleration level. As shown in Figure 10, the maximum
yew angles for these transflers were very small. Note the continuing doce in the maximum

F.

* 14
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V1. Results

* .-- VI.B~l .

A solution to the low thrust bundary value problem, for a given transfer, occus when
the value of the Hamiltonian first reachas arO. A typical plot of the Hamlltonian as a function of
u isshown in Figure 11. The Hamiltonln aclletes up anddown, but its mien valuedicre nns

a the milnajor axis lnceeaseL If the Hamlltonian Is ntnded Weond the point at which it

first equals zero, It will dip below zero with each subment revolution. This Indicates that a
minimum fuel solution to the low thrust tser problem, as opnmd to minimum time

mlution, can be developedL For a minimum fuel solution, the vehicles engine would be ,m when

the Hamiltonian was positive end off when it was negative. The turn on and turn off point 1o an

Inward transfer from u to uo would simply be the mirror Image of the turn on and turn off

pointsfo an outward transfr from u. to o.
Thequantities , I1, A2 X, and the absolute value of 4nld areshown asa functionof

Uf in Figures 12-16. Note that iutkm do not exist for some values of of below 2.5

revolutions. All three X's are periodic with a period of 211 (one revolution) and, In each
revolution, they areall singular at the 0.5 end 0.75 revolutiai points. Bcaie of dependence

on the inverse rate of change of the semimajor axis, the mean magnitude of )\ incr e as o Uf

Sincreases. Themenvaluesof #\2 and \3 do not chnge. tmax also hes periodof 2W, but

' Its maximum value per revolution asymptotically aprc zero as uf Incr and vehicle

acceleration decreaes. The dcIeae in tn as ur incr is shown in both Figure 16 and
Figure 10.

One major advantage of the anelyticel solution over the Intepted solution is that it

requires much less computation. For any transfer, using the analytical solution, the values of
the orbital elements for any given value of u can be computed directly from Equations (28). In

comparion, obtaining the orbital elements for the same velue of u using the integratd solution
requires ntegrating over the entire range from u* 0 to u. Computing and outputting the

orbital elements forty times per revolution, the analytical solution was able to complete one
revolutio about ninety times a quickly as the Integrated solution. This gives a rough Indication

of the computational advantage of the analytical solution.
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VII. Conclusions and Recommendations

In this paper an analytic solution to the optimal low thrust transfer problem was

developed using a first-order perturbation approach. For low vehicle accelerations this

solution yielded results quite close to those obtained by integrating the vehicle equations of
motion. At hlier acceleration levels, however, the analytic solution diverged from the

integrated solution. For very low acceleration levels the analytic solution was found to appr h

the limiting case of the infinitesimally low thrust spiral solution.

The results described in this paper could be further developed by incorporating a higher

order perturbation model. Such a higher order model would extend the validity of the analytic

solution to higher levels of vehicle acceleration. Another useful activity would be to develop an

analytical solution for the full, three dimensional orbital transfer problem, eliminating the
limitation to planar transfers Using the minimum time transfer solution as a basis, the

minimum fuel solution should also be developed By Incorporating results from all of these

recommended areas of study, there is potential for the development of powerful and efficient

tools for the analysis of low thrust transfers.
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